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We study a system of ODEs that model the interaction between wild mosquitoes

and genetically modified ones which transmit malaria in the brazilian Amazon
region. Using Poincaré maps and other dynamical systems techniques we prove
properties of the solution of this system. Our main result is the existence of a
(unique) periodic solution which is the global attractor: for every initial condi-
tion the solution converges to this periodic solution. We illustrate the theoretical
analysis with a numerical simulation.
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1. Introduction

Malaria is an influential disease in modern society both for its social and

economical burdens. It costs over a million human lives each year, mainly

in the African continent, where it has an endemic development.

The complex adaptability of the malaria pathogens is a factor for the

lack of a vaccine. Therefore malaria epidemics control resides in the control

of the vector, mainly represented by mosquitoes of the anopheles genus. Re-

cent trends for malaria control follows last decades’ development in Molec-

ular Biology. Ideas have been proposed both for vector population suppres-

sion, or its substitution by another, harmless, population.

Molecular Biology techniques of Genetic Engineering provides ways to

insert modified or even alien genes in a species’ genome, making it possible

to program the subject species with selected genetical functions. One such

possibility is that its offspring will be less fertile or sterile.
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Wyse, Bevilacqua and Rafikov 9 present a system of ODEs that mod-

els the interaction between wild mosquitoes and genetically modified ones

which transmit malaria in the Amazon region. This model consider the ef-

fect of year-basis seasonality of rain which greatly interferes in the spread of

the disease by washing away mosquitoes eggs. This seasonality adds a peri-

odic term and we get a non-autonomous system of equations. They present

numerical simulations which show that the model fits the data previously

obtained in the analysis of malaria epidemics in the brazilian Amazon re-

gion.

We study this model in detail with techniques for non-autonomous equa-

tions like Poincaré maps and other dynamical systems techniques.

We prove that the solution exists for all times and solve the one di-

mensional model explicitly. We prove that there exists a periodic solution

which is the global attractor, that is, it attracts all solutions. For the two-

dimensional model we show that for every initial condition one population

vanishes and the other converges to a periodic solution whose average and

bounds are given explicitly.

In the last section we illustrate these results with numerical simulations

of the Poincaré maps.

2. The models

2.1. Preliminaries

First we present the models from Wyse, Bevilacqua and Rafikov9 for the

interaction between wild mosquitoes and genetically modified ones which

transmit malaria in the Amazon region.

The variation of the vector population V (t) subject to a periodic forcing

term which correspond to the variable environment can be modeled by

V̇ (t) =

(
1

ε+ ε0 cos π
6 t

− δ

)
V −

(
1

κε

)
V 2. (1)

Since time is measured in months and the cycle is assumed to be one

year the periodic coefficient has period 12. The parameters are positive and

we assume that ε0 < ε.

The relationship between wild (V ) and transgenic (T ) mosquitoes can

be modeled by



V̇ (t) =

(
a

ε+ε0 cos π

6
t
− δ
)
V −

(
a
κε

)
V (T + V )

Ṫ (t) =
(

b
ε+ε0 cos π

6
t
− δ
)
T −

(
b

κε

)
T (V + T ).

(2)
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We introduce new variables Ṽ (t̃) = (κε)−1V (t), T̃ (t̃) = (κε)−1T (t)

and t̃ = t/12 to simplify the coefficients and to make the period of the

non-autonomous system equal to one. Dropping the tildes, we obtain for

equation (1)

V̇ (t)/12 =

(
1

ε+ ε0 cos 2πt
− δ

)
V − V 2 (3)

and for system (2)




V̇ (t)/12 =

(
a

ε+ε0 cos 2πt
− δ
)
V − aV (V + T )

Ṫ (t)/12 =
(

b
ε+ε0 cos 2πt

− δ
)
T − bT (V + T ).

(4)

The Poincaré map, or first return map, is a tool that allows one to

simplify the analysis of periodic equations. If ẋ = f(t, x) is an 1-periodic

equation in t and x(t) is a solution starting at x(0) = x0, one defines the

Poincaré map at x0 to be Π(x0) = x(1).

By tracking successive iterations of the Poincaré map, one can under-

stand the dynamics of the system. In periodic equations, periodic solutions

take the role of fixed points, attracting or repelling nearby non-periodic

solutions. The periodic solutions of the equation are mapped into the fixed

points of the Poincaré map (Hale & Koçak 5 and Figueiredo 4).

2.2. Analysis of the one dimensional model

Let us define the non-autonomous coefficient of equation (3)

ϕ(t) = (ε+ ε0 cos(2πt))−1 − δ. (5)

The results of this section are valid for a whole class of models with

periodic coefficients. We only need the following assumptions on ϕ(t):

(a) ϕ(t) is periodic;

(b) 0 < γ− ≤ ϕ(t) ≤ γ+.

Assuming that ϕ is l-periodic, we define its average by

β =

∫ l

0

ϕ(t) dt =

∫ t+l

t

ϕ(s) ds. (6)

From now on we assume, for simplicity, that l = 1. For ϕ(t) given by (5),

from the biological hypothesis that the population is not in an extinction

process, we must have that

δ < (ε+ ε0)
−1. (7)
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Defining

γ− = (ε+ ε0)
−1 − δ and γ+ = (ε− ε0)

−1 − δ,

the assumptions on ϕ(t) above are satisfied. Moreover, integrating ϕ(t) we

obtain explicitly the average β = 1√
ε2−ε2

0

− δ.

Theorem 2.1. Let V (t) be a solution of (3) with V (0) > 0. Then

V (t) > 0 for all t > 0 and

γ− ≤ lim inf
t→∞

V (t) ≤ lim sup
t→∞

V (t) ≤ γ+.

Proof: Since V ≡ 0 is a solution of (3), by the uniqueness of solution, if it

begins positive it remains positive for all times. Using (5) in (3) we obtain

V̇ (t)/12 = V (t)(ϕ(t) − V (t)).

If V (t) > γ+ > 0, then V̇ /12 = V (ϕ − V ) < V (γ+ − V ) < 0. There-

fore V̇ (t) < 0 which implies that V (t) decreases when V (t) > γ+ and

lim sup
t→∞

V (t) ≤ γ+.

Similarly if 0 < V (t) < γ−, then V̇ /12 = V (ϕ − V ) > V (γ− − V ) > 0.

Therefore V̇ (t) > 0 and lim inf
t→∞

V (t) ≥ γ−. �

Corollary 2.1. Positive solutions of (3) are global, i.e., exist for all times.

Proof: If V (0) > 0, then Theorem 2.1 implies that 0 < V (t) ≤ (γ+ +V (0))

for all t. Therefore the solution exists and is bounded for all times t. �

We consider the average ψ(t) of the solution V (t) defined as:

ψ(t) =

∫ 1

0

V (s+ t) ds =

∫ t+1

t

V (s) ds

Taking the derivative and from (3) we obtain

ψ̇(t)/12 =

∫ t+1

t

V̇ (s)/12 ds =

∫ t+1

t

V (s)(ϕ(s) − V (s)) ds. (8)

Theorem 2.2. The average ψ(t) of the solution of equation (3) converges

to β defined by (6).

Proof: From the Mean Value Theorem for integrals, we have
∫ t+1

t

V (s)f(s) ds = V (ξ)

∫ t+1

t

f(s) ds, for some ξ ∈ [t, t+ 1].
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Using this on (8), for some ξ ∈ [t, t+ 1],

ψ̇(t)/12 = V (ξ)

∫ t+1

t

(ϕ(s) − V (s)) ds = V (ξ) (β − ψ(t)) . (9)

Hence

ψ̇/12 = V (ξ)(β − ψ).

Since the solution is always positive we have V (ξ) > 0 for every ξ. If

ψ(t) > β, then (9) implies that ψ̇(t) < 0 and the solution decreases. On the

other hand, if ψ(t) < β, then ψ̇(t) > 0 and the solution increases. Therefore

lim
t→∞

ψ(t) = β. �

We determine the solution and Poincaré map of this equation borrowing

a known technique (Hale & Koçak 5) for Ricatti’s Equation. Consider the

change of variables W (t) = V −1(t). It transforms equation (3) into the

linear equation

Ẇ (t)/12 = −ϕ(t)W + 1 (10)

whose solution is

W (t) = exp

(
−12

∫ t

0

ϕ(s) ds

)(
12

∫ t

0

exp

(
12

∫ s

0

ϕ(z) dz

)
ds+W0

)
.

Taking t = 1 we determine the Poincaré map Π̃ of equation (10),

Π̃(W0) = W (1) = e−12βW0 + C,

where C = 12

∫ 1

0

exp

(
−12

∫ 1

z

ϕ(z) dz

)
ds.

Since

Π̃(W0) = W (1) =
1

V (1)
=

1

Π(V0)
,

the Poincaré map of (3) is given by

Π(V0) =
V0

e−12β + CV0
.

The unique fixed point V0 of Π satisfy

e−12β + CV0 = 1. (11)

Theorem 2.3. The fixed point V0 of the Poincaré map of (3) given by (11)

attracts all points.
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Proof: If V0 > V0, since e−12β + CV0 > 1, we have Π(V0) < V0, i.e., Π is

decreasing. Similarly, if V0 < V0, then Π is increasing. Therefore V0 is the

unique fixed point and attracts all points. �

Corollary 2.2. There exist one periodic solution to (3) (corresponding to

V0) which is the global attractor, i.e, it attracts all solutions. This peri-

odic solution is bounded above by γ+, below by γ− and the average over an

interval [t, t+ 1] is β.

Proof: This follows from the definition of the Poincaré map and Theorems

2.1, 2.2 and 2.3. �

2.3. Analysis of the two dimensional model

The next theorem shows that if the initial population of wild and trans-

genic mosquitoes is positive it will remain positive.

Theorem 2.4. The first quadrant {(V, T ); V, T > 0} is invariant for

system (4).

Proof: By the uniqueness of solution, it suffices to show that the positive

parts of the V and T axis are invariant, so that no solution can cross them.

In fact, if T (t0) = 0, then T ′(t0) = 0. So T (t) ≡ 0 and the solution

is restricted to the V axis becoming equivalent to equation (3). If besides

that, V (t0) = 0, then V ′(t0) = 0 and V (t) = T (t) ≡ 0 proving that the

origin is a stationary solution. On the other hand if V (t0) > 0, Theorem 2.1

implies that V (t) > 0 for all t > 0: the solution is restricted to the positive

part of the V axis.

From the symmetry of the equation, a similar analysis holds if V (t0) = 0.

�

Consider the means of the non-autonomous coefficients of (4)

A =

(∫ t+1

t

a

ε+ ε0 cos 2πs
ds− δ

)
=

a√
ε2 − ε20

− δ,

B =

(∫ t+1

t

b

ε+ ε0 cos 2πs
ds− δ

)
=

b√
ε2 − ε20

− δ

and the average solutions

ψα(t) =

∫ t+1

t

V (s) ds and ψβ(t) =

∫ t+1

t

T (s) ds.
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Theorem 2.5. Let V (t) and T (t) be positive solutions for system (4). If

a < b, then, as t goes to infinity, the population of wild mosquitoes V (t)

vanishes and the population of transgenic mosquitoes T (t) converges to a

unique periodic solution whose average is 1/
√
ε2 − ε20 − δ/b.

Proof: Using techniques from of Section 2.2 we obtain, for some ξα and ξβ
{
ψ̇α/12 = V (ξα) (A− a(ψα + ψβ)) = aV (ξα)

(
A
a
− (ψα + ψβ)

)

ψ̇β/12 = T (ξβ) (B − b(ψα + ψβ)) = bT (ξβ)
(

B
b
− (ψα + ψβ)

)
.

If ψα + ψβ < min{A
a
, B

b
}, then both ψα and ψβ increase. Similarly, if

ψα + ψβ > max{A
a
, B

b
}, then both decrease. If ψα + ψβ is between A

a
and

B
b
, then one increases and the other decreases.

Assuming that a < b, we have from the definition of A and B that

A/a < B/b. This implies that ψα(t) vanishes and ψβ(t) goes to B/b =

1/
√
ε2 − ε20 − δ/b. Since ψα(t), the average of V (t), vanishes and V (t) is

always positive by Theorem 2.4, the population of wild mosquitoes V (t)

vanishes. Therefore the system (4) reduces to equation (3) for T . From the

analysis given in Section 2.2, the population of transgenic mosquitoes T (t)

converges to a unique periodic solution. �

This result shows that the periodic solution which attracts T (t) can be

computed and estimated with the analysis of the one dimensional model of

Section 2.2.

3. Simulations

To illustrate the theoretical analysis of Section 2 we present numerical

simulations of the models with parameter values from Ref. 9.

We took an arbitrary initial condition x0 and iterate numerically the

Poincaré map (Π) of both models: the 1d (3) and 2d (4). In Figs. 1 and

2 we present log10 ‖Π(n)(x0) − x̄‖, where x̄ is the unique fixed point of

the Poincaré map, corresponding to the unique periodic orbit (the global

attractor).

We note a very fast convergence to the fixed point in both cases. After

a few iterations we obtain a distance of approximately 10−14, which is

numerically zero since we use double precision. The almost linear decrease

of the distance of the first few iterations shows the exponential (since it is

a logarithm scale) convergence to the fixed point.
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Figure 1. Logarithm of the distance of Π(n)(x0) and the fixed point for 1d equation
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Figure 2. Logarithm of the distance of Π(n)(x0) and the fixed point for 2d system
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